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I n t r o d u c t i o n  

The s t u d y  of  t h e  convergence ( e x i s t e n c e )  and t h e  

e v a l u a t i o n  o f  improper  i n t e g r a l s  has r e c e i v e d  much a t t e n t i o n .  

I n  t h i s  p a p e r ,  w e  sha l l  c o n s i d e r  c o n d i t i o n s  unde r  which t h e  

convergence o f  a p a r t i c u l a r  c l a s s  o f  improper  i n t e g r a l s  can 

be g u a r a n t e e d .  I n  p a r t i c u l a r ,  t h e  i n t e g r a n d  i s  n o t  

s p e c i f i e d  i n  c l o s e d  form b u t  i s  e v a l u a t e d  i n  terms o f  t h e  

unique  s o l u t i o n  to an  a s s o c i a t e d  d i f f e r e n t i a l  e q u a t i o n .  The 

improper  i n t e g r a l  can be w r i t t e n  as 

g ( c p ( t , x o , t o )  , t ) d t  (1) 

where g i s  a s p e c i f i e d  s c a l a r  f u n c t i o n  o f  t h e  n -vec to r  cp and 

t h e  t i m e  t .  The f u n c t i o n  cp r e p r e s e n t s  t h e  s o l u t i o n  to t h e  

ve e t  or d i f f e r e n t i a l  e q u a t i o n  

w i t h  t h e  i n i t i a l  c o n d i t i o n  

x ( t o )  = xo .  ( 3 )  

f ( x , t )  i s  a f u n c t f o n  w i t h  v a l u e s  i n  t h e  E u c l i d e a n  space  Rn 

which i s  d e f i n e d  on some s e t  

S x I = ( ( x , t ) e R n x  R I I I x ( l < r , t > e I .  It i s  assumed tha t  

f ( x , t )  i s  s u f f i c i e n t l y  smooth on S x I such  t h a t  f o r  any 

xoeS and any t €1 t h e r e  e x i s t s  f o r  a l l  t b t  a unique  
0 0 

s o l u t i o n  i n  S. The p o s s i b i l i t y  of  a f i n i t e  e s c a p e  t i m e  i n  

(e,..) i s  e x c l u d e d .  Also x = 0 i s  t h e  t r i v i a l  s o l u t i o n  o f  

1 
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( 2 )  s o  t h a t  f ( 0 , t )  = 0 on I ,  It i s  assumed t h a t  t he  s c a l a r  

v a l u e d  f u n c t i o n  g i n  (1) i s  con t inuous  on S x I and 

g ( 0 , t )  = 0 on I. 

A s  a m o t i v a t i o n  to t h i s  s t u d y ,  it has been c o n j e c t u r e d  

t h a t  a n e c e s s a r y  and s u f f i c i e n t  c o n d i t i o n  f o r  t h e  conver- 

gence o f  (1) f o r  an a r b i t r a r y  xo&S and t o E I  i s  t h a t  ( 2 )  b e  

a s y m p t o t i c a l l y  s t ab le  i n  S x I. That  t h i s  i s  n o t  a 

s u f f i c i e n t  c o n d i t i o n  for t h e  convergence o f  (1) 

obse rved  b y  c o n s i d e r i n g  t h e  f o l l o w i n g  example e 

( 2 )  be g i v e n  by 
m 

0 

and 

i = -x 3 , x(0) = xo, 

where ,p(t) i s  t h e  s o l u t i o n  t o  ( 5 ) .  The t r , v i a l  

i s  r e a d i l y  

Let  (1) and 

(5) 

s o l u t i o n  o f  

( 5 )  i s  un i fo rmly  a s y m p t o t i c a l l y  s t ab le  i n  t h e  l a r g e ;  however, 

i t  i s  obse rved  tha t  t he  i n t e g r a l  (4) does n o t  converge f o r  

any nonzero  x . 
0 

O u r  g o a l  i n  t h i s  work i s  to o b t a i n  s u f f i c i e n t  con- 

d i t i o n s  f o r  t h e  convergence o f  (1) under  r a t h e r  weak con- 

d i t i o n s .  S e v e r a l  r e s u l t s  g u a r a n t e e i n g  t h i s  convergence are 

p r e s e n t e d  and proved .  The r e l a t i o n s  o f  t h e  theorems to t h e  

s t a b i l i t y  p r o p e r t i e s  o f  ( 2 )  a r e  d i s c u s s e d .  F i n a l l y  w e  con- 

s i d e r  t h e  use  of  (1) as a measure of  t he  performance of ( 2 ) .  
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R e s u l t s  on Convergence 

I n  what f o l l o w s ,  t h e  main r e s u l t s  o f  t h e  p a p e r  a r e  

p r e s e n t e d .  

Theorem: L e t  g ( $ , t )  be  non-negat ive on S x I .  Let  

$ ( t , x o , t o ) + O  as t - t m  f o r  any X ~ E S  and any t &I. 

b e  a non-negat ive  d e c r e s c e n t  s c a l a r  va lued  f u n c t i o n  w i t h  

L e t  V ( x , t )  
0 

con t inuous  f i r s t  p a r t i a l  d e r i v a t i v e s  on S x I ,  and 

V ( 0 , t )  = 0 on I. I f  there  e x i s t s  a p > O  such  t h a t  

t h e n  (1) converges  f o r  any x0&S and any t €1. 
0 

P r o o f :  ? ( x , t )  + P g ( x , t ) <  o on s x I.  Let  x + ( t , x o , t o )  

f o r  some x ES and t &I. Then f o r  a l l  t 3 to,  
0 0 

I n t e g r a t i n g  o v e r  t h e  i n t e r v a l  [ t o , T ]  we o b t a i n  
T 

V ( O ( T ) ,  T )  - V ( x o , t o )  + p g ( $ ( t ) ,  t ) d t  < 0 .  
0 

S i n c e  T + m  i m p l i e s  t h a t  $(T)+O and V ( x , t )  i s  con t inuous  and 

d e c r e s c e n t ,  t h e n  T + m  i m p l i e s  V ( $ ( T ) ,  T)+O.  I n  o t h e r  words,  

f o r  any s p e c i f i e d  €30, there  i s  s u f f i c i e n t l y  l a r g e  T', 

depending on E , X  and to,  such  t h a t  f o r  a l l  T > T '  
0' 

Thus, for any T > to 
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1 
g ( O ( t ) ,  t ) d t  s - P V ( X  0 , t o )  i’ 

S i n c e  g ( x ,  t ) i s  non-negat ive  , ( g ( @ ( t ) ,  t ) d t  i s  o b v i o u s l y  

monotonic  w i t h  T.  Thus,  w e  assert t h a t  
0 

,e T 
I g ( O ( t ) ,  t ) d t  

’ 
converges  as T - t m .  Q.E.D.  

From t h e  Theorem, w e  can o b t a i n  t h e  f o l l o w i n g  

c o r o l l a r y .  

C o r o l l a r y  1. L e t  g ( 4 , t )  b e  p o s i t i v e  d e f i n i t e  on R n XI. L e t  

V ( x , t )  be a p o s i t i v e  d e f i n i t e  d e c r e s c e n t  s c a l a r  f u n c t i o n  

w i t h  con t inuous  f i r s t  p a r t i a l  d e r i v a t i v e s  on RnxI. Also 

V ( 0 , t )  = 0 on I ,  and V(x,t)+m as 11x1 1 -  un i fo rmly  on I .  

If t h e r e  e x i s t s  a p > o such  t h a t  

+ ( x , t )  + p g ( x , t )  o on R~ x I ( 7 )  

t h e n  (1) converges  f o r  any xo&Rn and any t o e I .  

P r o o f :  Cons ide r  V ( x , t )  as a Liapunov f u n c t i o n .  From ( 7 ) ,  

fT(x,t)  i s  o b v i o u s l y  n e g a t i v e  d e f i n i t e ,  s o  t h a t  x = 0 i s  

uni formly  a s y m p t o t i c a l l y  s t ab le  i n  t h e  l a r g e  and 

O( t ,xo , to)+O as t - t m  111. Thus t h e  c o n d i t i o n s  o f  t h e  theorem 

are s a t i s f i e d  w i t h  S = Rn. Q . E . D .  

I f  f and g are n o t  e x p l i c i t  f u n c t i o n s  o f  t i m e ,  t h e n  

(1) and ( 2 )  are g i v e n  b y  

[g ( 0 ( t ) 1 d t  
0 
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and 

2 = f ( x )  , x ( 0 )  = xo, ( 9 )  

where, w i t h o u t  l o s s  of  g e n e r a l i t y ,  w e  have t a k e n  t o = O m  A s  

b e f o r e ,  $ ( t )  d e n o t e s  t h e  unique  s o l u t i o n  o f  ( 9 ) .  For t h i s  

c a s e  t h e  f o l l o w i n g  c o r o l l a r y  i s  o b t a i n e d .  

C o r o l l a r y  2 .  L e t  g ( $ )  b e  non-nega t ive .  L e t  V(x )  be a 

p o s i t i v e  d e f i n i t e  s c a l a r  va lued  f u n c t i o n  w i t h  con t inuous  

f i rs t  p a r t i a l  d g r i v a t i v e s  and V(0)  = 0 .  Def ine  R R  as t h e  

r e g i o n  where V ( x >  < R, and assume t h a t  52% i s  bounded. If 

t h e r e  e x i s t s  a p > 0 such  t h a t  

R O(x)  + p g ( x )  < o on R 

and t h e  on ly  i n v a r i a n t  se t  C31 c o n t a i n e d  i n  

R , n { x l ? ( x )  + pg(x)  = 01 i s  the  t r i v i a l  s o l u t i o n  x = 0 ,  t h e n  

t h e  i n t e g r a l  i n  ( 8 )  converges  f o r  any x o ~ R R .  

P r o o f :  Cons ide r  V(x) as a Liapunov f u n c t i o n .  From ( 1 0 )  and 

the  h y p o t h e s i s ,  i t  f o l l o w s ,  u s i n g  a r e s u l t  o f  LaSal le  C31, 

t h a t  x = 0 i s  a s y m p t o t i c a l l y  s t a b l e  i n  R R  and $ ( t , x o , t o ) + O  

as t-. Thus, t h e  c o n d i t i o n s  o f  t h e  Theorem are sa t i s f i ed  

w i t h  S = Q R .  Q.E.D.  

Although C o r o l l a r i e s  1 and 2 are  less g e n e r a l  t h a n  

t h e  Theorem, t h e y  are more u s e f u l  i n  a p p l i c a t i o n s  s i n c e  one 

does  n o t  have to check t h a t  $ ( t ) + O  as t - t m .  
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D i s c u s s i o n  

We r e t u r n  to t h e  c o n j e c t u r e  t h a t  a s y m p t o t i c  s t a b i l i t y  

o f  t h e  o r i g i n  o f  t h e  d i f f e r e n t i a l  e q u a t i o n  ( 2 )  i s  n e c e s s a r y  

and s u f f i c i e n t  c o n d i t i o n  f o r  t h e  convergence of t h e  improper  

i n t e g r a l  (1) e Asymptot ic  s t a b i l i t y  i s  n o t  a n e c e s s a r y  con- 

d i t i o n  f o r  t h e  convergence of  (1) s i n c e  a s y m p t o t i c  s t a b i l i t y  

i s  n o t  i m p l i e d  by t h e  h y p o t h e s i s  o f  t h e  Theorem; o n l y  q u a s i -  

a s y m p t o t i c  s t a b i l i t y  [l] i s  i m p l i e d .  R e f e r r i n g  t o  t h e  ex- 

ample,  a s y m p t o t i c  s t a b i l i t y  i s  o b v i o u s l y  n o t  s u f f i c i e n t  * 

Thus t h e  c o n j e c t u r e  i s  i n c o r r e c t  i n  b o t h  r e s p e c t s .  

These r e s u l t s  have i m p l i c a t i o n s  i n  s e v e r a l  areas. Not 

only  have  c o n d i t i o n s  f o r  t h e  convergence of (1) been g i v e n ,  

b u t  a n  upper  bound on t h e  i n t e g r a l  h a s  been e s t a b l i s h e d .  

T h i s  uppe r  bound has been  used b y  McClamroch and Aggarwal 

[4] to deduce t h e  s e n s i t i v i t y  c h a r a c t e r i s t i c s  o f  (1) w i t h  

r e s p e c t  t o  c e r t a i n  t y p e s  of  f u n c t i o n a l  changes i n  t h e  

d i f f e r e n t i a l  e q u a t i o n  ( 2 ) .  

These r e s u l t s  a l s o  have a p p l i c a t i o n  i n  a s y m p t o t i c  

c o n t r o l  t h e o r y .  Here one i s  i n t e r e s t e d  i n  d e t e r m i n i n g  a 

c o n t r o l  u w i t h i n  some c l a s s  U such  t h a t  a per formance  

measure g i v e n  by (1) i s  minimized and t h e  d i f f e r e n t i a l  

e q u a t i o n  

I; = f ( x , t , u )  (11) 

i s  s a t i s f i e d .  Unless  t h e  convergence o f  (1) f o r  some 



7 

USU can b e  g u a r a n t e e d  t h e  use  o f  such  a performance measure 

i s  n o t  j u s t i f i e d ,  T h i s  idea has been c o n s i d e r e d  p r e v i o u s l y  

by Bellman and Bucy [ 2 ]  f o r  t h e  c a s e  where (11) i s  l i n e a r .  
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